Meta Optimal Transport

Learn to solve optimal transport problems

Authors Brandon Amos, Giulia Luise, Samuel Cohen, levgen Redko - ICML 2023
Sonia Mazelet - Hi Paris Reading Group - December 16 2025

°
- THES
@ INSTITUT o B
:\ad: POLYTECHNIQUE V4 °
e zéa—  PARIS

EcoLE
POLYTECHNIQUE



Contents

[y

. Short optimal transport introduction

2. Amortized optimization

w

. Meta optimal transport between discrete measures

N

. Meta optimal transport between continuous measures



Short optimal transport introduction




What is optimal transport?

® Optimal transport is used to compare probability distributions

® Source distribution  ©
® Target distribution ® .00
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Figure: Discrete distribution

—— Source distribution
——— Target distribution

Figure: Continuous distribution




Discrete probability distributions

e Two sets of data points 1, ...,z, € R? and y1, ..., ym € R?
® Probability distributions X = 77" | a;0,, and Y = >"1" Bidy,

® Cost matrix C; j = d(x;,y;) for some distance d.
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Kantorovich problem

® The Kantorovich optimal transport problem looks for an optimal transport plans
P ell,g, for I, 5 = {P € RY*™|PL,, = a, PT'1,, = B} such that

® distribution X
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Regularized Kantorovich problem [Cuturi 2013]

® Add an entropy regularization term: H(P) = =3, ; P; j(log P; j — 1)

P = arg mln Z P, ;Ci;—eH(P),
] 1
® Why regularize ? Strictly convex optimization problem, fast algorithms.
® | oses sparsity on the optimal transport plan.

Optimal transport plan (regularized)
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Solving the entropy regularized OT problem

® Primal problem:

P* € arg Prenl_}n/a(C, P) —eH(P)

¢ | agrangian:
L(P, f,9) =Y P;jCij + €Pij(log Py = 1) + fT(P1l, — a) + g (P 1,0 — )

/[:7.7.

OL(P, f,g)
ob;;

w =0 = P;= exp({i) eXp<_C;ij> exp<g€j>

= Cij +elog Pyj + fi+ g;



Solving the entropy regularized OT problem

® The solution of the entropy regularized transport is of the form
P* = diag(u)Kdiag(v),

for Ki,j =e ij/€

e Relationship with the dual variables:

ui:efi/€7 v; :egj/e

¢ Sinkhorn algorithm diag(u) and diag(v) exist and are unique



Sinkhorn algorithm

Input: Cost matrix C', marginals «, 3, regularization ¢, iterations T’
Output: Transport plan P
Compute K + exp(—C/e)
Initialize ug < 1,
whilet <T —1 do
v; — B @ KTu;_, for @ the elementwise division
u; — a0 Kv;
t+—t+1,;
end
Compute P « diag(u”)Kdiag(v?T)
® The algorithm alternatively scales the rows and the columns to match the marginals:

Pl,=a P'1, =8



Sinkhorn algorithm

e Complexity: O(Tnm).

® GPU friendly: all rows and columns can be updated in parallel

® Memory complexity: need to store K of size n x m. Can be lazily computed with
geomloss library from Feydy et al. 2019.

Solving a 10,000-by-11,102 OT problem, with a blurring scale o = 0.01
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Continuous optimal transport

* Given two continuous measures o, 3 in X =Y = R?, the square Wasserstein

distance is
W2(a,8) : = min / T — 2d7rx, 1
2(f):= min yH yllz dr(x, y) (1)
= wjn [ [}z = 7@} da(2) (2)

where T"is a transport map pushing o to 3, i.e. Ty = 3 where
Tya(B) == a(T7YB)) and («a, B) = {mr € M(X x V), Pyam = o, Pyym = 3}



Convex dual potentials

¢ Dual formulation We look for the optimal potential v

Y*(;a,p) € arg max /w Yda(z +/¢ )dB(y

1) convex

where 1) is the convex conjugate of 9 defined as

¥(y) := sup(z,y) — ()
reX
® Recovering the primal solution (Brenier, 1991) The optimal transport map is
obtained as

T (z) = V™ (z)



Efficiently estimating OT maps

e Neural OT models Korotin et al. 2019: ICNNs to estimate maps between continuous
high-dimensional measures given samples from these.

® Scetbon et al. 2021 leverage structural assumptions on coupling and cost matrices
to reduce complexity.

e Courty et al. 2017 learn a latent space in which the Euclidian distance between the
measure's embeddings is equivalent to the Wasserstein distance.

® |acombe et al. 2023 learn to generate wasserstein barycenters of images.



MetaOT: Solving many OT problems efficiently

In many applications, we need to solve multiple OT problems

Example: brain alignement over a vast group of subjects

For one given OT problem, existing methods are efficient (e.g. Sinkhorn)

MetaOT: Can we leverage the joint structure of a dataset to speed up the
computation of OT plans across the dataset?



Amortized optimization




Optimization problems are often repeatedly solved

® Many problems require solving similar optimization problems repeatedly over
different contexts.

y*(z) € argmin f(y; )

context

® Example: Reinforcement learning ﬁ

a*(s) € argmaxQ(s; a)

[scin

e Optimization can be computationally expensive and re-optimizing from scratch each
time is sub optimal.

® Idea Amos et al. 2023: learn to uncover the shared structure between optimization
problems by learning Jy(z) ~ y*(x)



Learning the amortized model

Regression based

5 *(z)
Uo(z)
y Y6 I—H

— requires optimal solutions for training,
can be computationally expensive

Figures from Amos, 2022

Objective based

— does not require optimal solutions for
training!



Meta optimal transport between discrete
measures




Discrete MetaOT overview

® Fix cost ¢ and sample discrete measures from a distribution (o, 3;) ~ D of OT
problems.

® Predict dual potentials with a model f‘g,ge.

® Backpropagation by minimizing the dual loss.

dual 1osS(f0, ge, v, B, ¢)

— MLP —>  fo, 00



Meta optimal transport objective

® Optimal dual potentials

Fhg €arg max, (a,f)+ (b,g) — elexp(f/e), K exp(g/e))

¢ Mapping between the duals First order condition provides an equivalence between
f and g at optimality

g(f;b,c) :=€elogh — elog (KTexp{f/e}) .

Hence, it is sufficient to predict one of the potentials, e.g. f*.
e MetaOT objective:

(o, B,¢c,¢€) earg;rel]iRrgL J(f;a,p,c)
for — J(f;a, B,¢) :== (o, f) + (B, 9) — e(exp(f/€), K exp(g/e))



Amortized model

® Predict solution to f*(a, 3,¢,€) € argmingern J(f; o, 5, ) with fg(a,ﬁ,c)
parametrized by 6, by mimimizing

QBND[ (fg(Oé /87 )7047670)]

® The model fg(a,ﬁ, c) is a fully connected MLP mapping from the atoms of the
measures to the duals.
® Recover P} = diag(efo/¢) K diag(e%/°)

O
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Discrete (Entropic)

O Input measures and cost O Dual potentials (O Couplings



Results: grayscale images transport

e Grayscale images A pair of images «g and «; is cast as a discrete 2d measure
where the intensities define the probabilities of the measures.

e Goal Optimal transport interpolation between the two measures

® MetaOT is ~ 100 times computationnaly cheaper and produces a nearly identical

coupling
Sinkhorn (converged, ground-truth) Meta OT (initial prediction)
/7299999933333 /7799999933333
0 < ar » Qo 0 <« o » 2

Figure: Interpolation between test set digits



Results: spherical transport problem

® Spherical transport problem Transport problem between supply and demand
locations. The transport cost is given by the spherical distance
c(x,y) = arccos({x,y))

® Meta OT's prediction (right) is ~ 37500 times faster than solving Sinkhorn to
optimality and is close to the optimal maps obtained with Sinkhorn (left).
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Figure: Test set coupling predictions. Supply locations in black dots and blue lines show the sperical
transport maps.



MetaOT as initialization of Sinkhorn

® Sinkhorn algorithm can converge faster if well initialized.
® Typical intializations: u° = 1, Gaussian — ignore structure of the problem.
® MetaOT predicts fg(a,ﬂ,c), go(a, B, ).

Initialize Sinkhorn with u® = efo/<.

Method Cost per OT problem
Sinkhorn (from scratch) O(T nm)
MetaOT only O(n+m)

MetaOT 4 Sinkhorn O(Tsman nm)




MetaOT as initialization of Sinkhorn

MNIST Spherical
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Out of distribution generalization

Evaluation Domain

MNIST Uniform

MNIST

Doodles

crr

Training Domain

Uniform

s 10 1520 250 s 10 15 20 250 510 15 20 258 0 3
Sinkhorn Iterations Sinkhorn Iterations Sinkhorn Iterations Sinkhorn Iterations

Initialization (M Zeros M Gaussian (Thornton and Cuturi, 2022) B Meta OT)
Figure 10. Ci domain experiments evaluating how well a model trained on one dataset generalizes to another dataset. Notably, we are

able to train only on a uniform distribution and transfer reasonable initializations to the image datasets. This indicates that training larger-
scale Meta OT models for more general classes of discrete OT problems may be able to provide a fast and reasonable initialization.




Meta optimal transport between contin-
uous measures




Continuous MetaOT overview

® Discrete MetaOT — predict dual potentials.
¢ Continuous MetaOT — predict Input Convex Neural Networks (ICNN) parameters:

® Dual potential is a convex function.
® |CNNs parametrize convex functions.

. @  ResNety .

MLP N
: Voo T() = Vatbpe()

5 B ResNety - Parameters ICNN Transport map




Continuous optimal transport

Dual formulation We look for the optimal potential ¥*

¥*(;a,8) € arg_max /X (z)da(z) + /y D(y)dB(y)

1) convex

where 1) is the convex conjugate of 1 defined ¥ (y) := sup,cx(z,y) — ¥(z)
(Brenier, 1991) Optimal transport map: T%(x) = V,9*(x)

® Input convex neural networks (ICNN): the output of the neural network is a
convex function of (some of) the inputs.

Idea: ICNN learns convex potentials — gradient gives map



Input convex neural networks (ICNN)

® ICNN: Neural networks f(.,0) parametrized by 6 such that the function z — f(z,0)
is convex.

Figure 2. The input convex neural network (ICNN) architecture.



Wasserstein-2 Generative Networks (W2GN) [Korotin
et al. 2019]

® Model 9, and 1/70 with two separate ICNNs parametrized by .

o \\ tein-2 G tive Networks | dual objective
asserstein enerative Networks loss
L(pie B) = Eanaltp(@)] + Eyns [(VO40). ) — o (VO4(9)]

+ 7E,. ;HVI 0 Vib,(y) —y

where 'is a detached copy of the parameters.

2




Wasserstein-2 Generative Networks (W2GN) [Korotin
et al. 2019]

InPUt: avﬁa ®o
Output: Transport map T’

whilet < N — 1 do
Sample from (a, 8) and estimate £(p;_1)
Update ; with approximation to V4L (p;—1)
end
Compute T + Vw'(/)cpz\r ()
Algorithm 1: W2GN(a, 3, ¢o)

® Here, T is optimized for each pair of measures («, 3) from scratch.



Meta ICNN

® Meta ICNN predicts the parameters ¢ of and ICNN 1, that approximates the dual
convex potentials by minimizing the W2GN loss.

min E(a,8)~DL (P05 v, B).

* ResNet
- » 0 2

MLP A
- Voo T() = Vatb, ()

5 | ResNety 2 Parameters ICNN Transport map




Meta ICNN

® As for discrete MetaOT, MetalCNN does not require ground truth solutions ¢*for
training.

D

L J

QO Input measures and cost () Dual potentials () Couplings



Results on color transfer

® Color transfer Color transfer between images can be casted as an optimal transport
problem between 3D continuous color distributions.

® MetaOT's prediction is ~ 1000 times faster than training W2GN from scratch.

«@ ) Tya T;lﬁ

W2GN (converged, ground-truth) ™

]
R 7




Meta ICNN as initilisation for W2GN

® Color transfer Color transfer between images can be casted as an optimal transport
problem between 3D continuous color distributions.

® MetaOT's prediction is ~ 1000 times faster than training W2GN from scratch.

o

5

s | Tter Runtime (s) Dual Value

,% Meta OT | None 3.5-1073 +2.7-107*  0.90 £6.08- 10

5 +W2GN | 1k 0.93 +2.27-1072 1.0 £2.57 - 10
2k 1.84+3.78- 10 1.0 £5.30 - 10

—

E] W2GN | 1k 0.90 +1.62- 102 0.96 £2.62- 102

5 2k 1.81 £3.05-1072 0.99 +£1.14- 102

0.00 i i i i

0 500 1000 1500 2000
W2GN Iterations



Conclusion

® When MetaOT helps

® Many OT problems with a shared structure,

similar supports/costs
® All the OT problems share the same
regularization parameter ¢

¢ When MetaOT does not help

® Single OT problem

® Many OT problems with very different
supports/costs

® Large domain shifts
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Conclusion

® MetaOT speeds up OT plan calculations by multiple orders of magnitude on
datasets with shared structure.
® Limitations
® Meta OT does not make previously intractable problems tractable.
® Qut of distribution generalization is not guaranteed.
® Need to train MetaOT for each value of regularization parameter e.
e Extensions

® Learn to predict other OT problems: Fused Unbalanced Gromov-Wasserstein [Mazelet
et al. 2025], graph node permutation with Sinkhorn [Krzakala et al. 2025].



References

B
[
[

E
E
B

Amos, Brandon et al. (2023). “Tutorial on amortized optimization”. In: Foundations
and Trends® in Machine Learning 16.5, pp. 592-732.

Courty, Nicolas, Rémi Flamary, and Mélanie Ducoffe (2017). “Learning wasserstein
embeddings”. In: arXiv preprint arXiv:1710.07457.

Cuturi, Marco (2013). “Sinkhorn distances: Lightspeed computation of optimal
transport”. In: Advances in neural information processing systems 26.

Feydy, Jean et al. (2019). “Interpolating between Optimal Transport and MMD using
Sinkhorn Divergences”. In: The 22nd International Conference on Artificial
Intelligence and Statistics, pp. 2681-2690.

Korotin, Alexander et al. (2019). “Wasserstein-2 generative networks". In: arXiv
preprint arXiv:1909.13082.

Krzakala, Paul et al. (2025). “The quest for the GRAph Level autoEncoder
(GRALE)". In: NeurlPS 2025.

Lacombe, Julien et al. (2023). “Learning to generate wasserstein barycenters”. In:
Journal of Mathematical Imaging and Vision 65.2, pp. 354-370.

Mazelet. Sonia, Rémi Flamary, and Bertrand Thirion (2025). “Unsupervised Learning



	Short optimal transport introduction
	Amortized optimization
	Meta optimal transport between discrete measures
	Meta optimal transport between continuous measures
	References

